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Quantization of Christ—-Lee Model Using
the WKB Approximation

Eqgab M. Rabei
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The Hamilton-Jacobi formalism for constrained systems is applied to the Christ-Lee
model. The equations of motion are obtained and the action integral is determined in
the configuration space. This enables us to quantize the Christ—-Lee model by using the
WKB approximation.
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1. INTRODUCTION

The Christ-Lee model is viewed as a constrained system (singular system)
(Christ and Lee, 1980; Cos#t al., 1985). The usual canonical quantization pro-
cedure may fail for constrained systems for several reasons: it may not be possible
to eliminate some of velocities by a Legendre transform, or it may be that the
Hamiltonian equations do not reproduce the desired dynamical equations. The
basic ideas of the classical treatment and the quantization of constrained systems
were presented a long time ago by Dirac (1964). He distinguishes between two
types of constraints, first and second classes. Most physicists believe that this dis-
tinction is quite important not only in the classical theories but carries through in
the quantum theories (Faddeev, 1969; Henneax and Teitelboim, 1992).

More recently, another powerful approach—the Hamilton—Jacobi
formalism—has been developed for quantizing constrained systenter(G992;

Rabei, 1996; Rabei anduBr, 1992). The equivalent Lagrangian methodilge,”

1989) is used to obtain the set of Hamilton—Jacobi partial differential equations
(HJPDESs) for constrained systems. In this approach the distinction between first
and second class constraints is not necessary. The equations of motion are written
as total differential equations in many variables which require the investigation of
integrability conditions. In previous work (Rabei, 1996) the link between the two
approaches is studied. It is shown that the Hamilton—Jacobi approach is always in
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exact agreement with the Dirac approach. The integrability conditions are equiv-
alent to the consistency conditions.

On the other hand, we have approached the problem of quantization of con-
strained systems in a somewhat interesting way (Rabal, 2002). A general
solution of the set of HIPDEs of these systems has been proposed, so that the
Hamilton—Jacobi function in configuration space has been obtained. This formu-
lation leads to another approach for solving mechanical problems for constrained
systems in the same manner as for unconstrained systems. In addition, calculating
this function enables us to quantize constrained systems using the WKB approxi-
mation (Rabeét al, 2002).

In this paper we study the same procedure for the Christ-Lee model. It is
organized as follows. In Section 2, the quantization of Christ-Lee model using
Dirac method is reviewed. In Section 3, this model is quantized using the WKB
approximation. The work closes with some concluding remarks in Section 4.

2. THE CHRIST-LEE MODEL IN STANDARD DIRAC
QUANTIZATION METHOD

The Christ-Lee model is described by the singular Langrangian of the form,
L= %[r2 +r12(0 — 27 = V(). (1.1)
The usual Hamiltonian is calculated as
H=%p§+%zp§+ng+V(r) (1.2)
with the primary constraint
¢, = p, ~ 0, (1.3)

wherer and6 are plane polar coordinatesis another generalized coordinate, and
V(r) is a potential bounded from below (Costaal., 1985). Using the consistency
conditions (Dirac, 1964), one finds the secondary constraints.

b, =py~0 (1.4)

It is easy to check that there are no further constraints in the theory.
According to Dirac (1964) classification, the Hamiltonian (1.2) and the con-
straints (1.3) and (1.4) are first class. Thus, the total Hamiltonian reads as

Hr =H +Ap; (1.5)
This gives the following equations of motion:
f=p, (1.6)

6=z, (1.7)



Quantization of Christ-Lee Model Using the WKB Approximation 2099

7=, (1.8)
- dv()

T (1.9)
Py =0, (1.10)
b, = 0. (1.11)

Equations (1.6) and (1.9) lead to the following second-order ordinary differential
equation of the form

av(r)

dr

0. (1.12)

Let us choose the potential to be harmoNi¢) = %rz, then (1.12) has a
solution of the form

r = Acost + Bsint (1.13)
and the corresponding momentymreads as
pr = —Asint + Bcost. (1.14)

On the other hand, to quantize the Christ—-Lee model, the gauge-fixing con-
ditions (Dayi, 1989) can be chosen as

P33 =2z~0, (1.15)
d,=6~0. (1.16)

These constraints make the system second class Ath= {®,, ®p} Where
a,b=1, 2, 3, 4. Thus one should obtain the Dirac brackets

rprlo=1; {6, pelo=0; {z pJo=0, (1.17)
corresponding to the commutators:
[r,p]=ih; [0, p] =0; [z p]=0, (1.18)

where the Dirac brackets for any functioh&, p), g(q, p) are defined agf, g}p =
{f, g} — {f, a}AZP{Dy, g}, with A being the inverse oA ,p,. Besides, the cor-
responding scludinger equation reads,

h? d2
———V+V([I)¥V =EV. 11
3V V) (L.19)
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3. THE WKB APPROXIMATION OF CHRIST-LEE MODEL

Following to Qiler (1992) and Rabei andu&r (1992), the set of HIPDESs
for constrained systems is written as

Hg = po + Ho;
Hl=pu+H. pm=N-r+1,...,N (2.2)

Here N — Riis the rank of the Hessian matrikio is the usual Hamiltonian,

are the primary constraintgg and p,, are the canonical conjugate momenta to the

timet and the coordinateg, respectively. In order wordgy = and p. = a"—s
Following to Rabeet al.(2002), the general solution for Eq (201)is proposed

in the form

S0, Gr t) = F(t) + Wa(Ea, ga) + .(0,), (2.2)

wherea=1,2,...,N - R
Inthe same reference (Rale¢al., 2002), the equations of motion are obtained
using the canonical transformations as

0S 0S
Aa=—, Pi=—, i=12,...,N 2.3
2= 36, pi T (2.3)
wherei, are constants that can be determined from the initial conditions. These
equations (2.3) can be solved to furngghand the momenta; as

OJa = qa()ta, Eaa q,uy t), Pi = Pi ()‘-aa an q;u t) (24)

The semiclassical expansion (WKB approximation) of the Hamilton—Jacobi func-
tion of constrained systems has been studied (Retladi, 2002). This expansion
leads to the following wave function

N—R ;
1S(0a, ., t
umm%oz[rpmmow(—gﬁhlﬂ, 25)
a=1
whereWp,(ga) = J%? The above wave function (2.5) satisfies the conditions
v =0
H,¥ =0

in the semiclassical limibh — O.
Now making use of Eq. (2.1), the set of HJPDEs to the Christ—Lee model can
be obtained as

1 1
Ho = po+§p,2+ﬁp§+zpa~l—V(r)=0

.= p,=0. (2.6)
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According to Rabei (1996), the integrability conditions which mean that the total
differential of H) andH, are equal to zero lead to new constraint

Hj = py =0 (2.7)
Thus, the set of HIPDEs (201) can be rewritten as

39S 1 /08S\?

— — | — V = U; 2.

at+2<8r)+ (r)=0; (2.8)
9S
— =0 2.9
52 (2.9)
9S
— =0, 2.10
99 (2.10)

S S S
wherep, = 57, p; = 37, andpy = ;.

According to Eqg. (2.2) the functio8 has the following form

S=—Et+ WI(r, E) + fi(2) + f2(0). (2.11)
Substituting in egs. (2.8-10), we get
1 /0W)\?
o =0, (2.13)
0z
a2 =0. (2.14)
dg

Equations (2.13) and (2.14) givie = constant and, = constant, while Eq. (2.12)
gives

W = / V2(E —V(r))dr. (2.15)
Thus,
S:—Et+/\/2(E—V(r))dr+A, (2.16)

whereA is constant. The equations of motion read as

S S ¢ dr
T 9E +/ V2E-V({))’
pr = S _ V2(E =V([)). (2.17)

T oor
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TakingV(r) = %rz, and inserting in Eq. (2.17), one finds

r = +/2E sin(t + 1), (2.18)
pr = +/2E cosf + 1). (2.19)

ChoosingA = +/2E sinx andB = +/2E cosa, one observes that Egs. (2.18) and
(2.19) are in exact agreement with Egs. (1.13) and (1.14).

We are now in a position to quantize our system. Making use of Eg. (2.5) the
wave function for the Christ-Lee model can be written as

1 —iE i
w(r,t) = 2(E V() exp( h ) exp(Hf,/Z(E—V(r))dr).
(2.20)

The above wave function (2.20) satisfies the 8dimger equation (1.19) in the
semiclassical limih — 0.

4. CONCLUSION REMARKS

In this work the proposed general method of our previous work (Rettedi
2002) for determining the Hamilton—Jacobi function of constrained systems is
applied to the Christ—-Lee model. This function is used to construct a suitable wave
function for the model.

Following Henneaet al. (1990) the number of physical degrees of freedom
of the Christ—Lee model is one. In this formalism we have shown that the action
integral and the wave functioh are obtained in terms of the generalized coordinate
r and the timet. In other words there is only one generalized coordimaaad
the corresponding generalized momentpm This is in exact agreement with
Henneaxet al. (1990) and Baleanu andu&i (2000).

REFERENCES

Baleanu, D. and Glér, Y. (2000).1 Nuovo Cimento BL15 291.

Christ, N. H. and Lee, T. D. (1980hysics Reviews B2, 939.

Costa, M. E., Giroti, H. O., and Simoes, T. J. (198%)ysical Reviews 32(2), 405.
Dayi, ©. F. (1989) Physics Letters B28, 435.

Dirac, P. A. M. (1964)Lectures on Quantum Mechanjé&@shiva University, New York.
Faddeev, L. D. (1969)eor. Mat. Fiz.1, 3.

Giler Y. (1987).Nuovo Cimento B0Q, 251, 267.

Giler Y. (1989).Journal of Mathematical Physic&0, 785.

Giiler, Y. (1992).Nuovo Cimento B07, 1389, 1143.

Henneax and Teitelboim (1992)uantization of Gauge Systenfsinceton university, New Jersey.
Henneaux, M., Teitelboim, C., and Zanelli, J. (1990)clear Physics B32, 169.

Rabei, E. M. (1996)Hadronic Journall9, 597.

Rabei, E. M. and @lér, Y. (1992).Physics Reviews 46, 3513.

Rabei, E. M., Nawafleh, K. I., and Ghassib, H. B. (2002)ysical Reviews 86, 024101.



